We present a comparison between results for the electron velocity distribution function (evdf), and transport and rate coefficients of an electron swarm obtained under different assumptions for the space and angular dependence of the evdf. Several solution techniques for the Boltzmann equation as well as Monte Carlo simulations have been tested. The comparison is made in neon at a constant and homogeneous reduced electric field in the range 10 Td E/N 500 Td taking into account the production of electrons in ionizing collisions. The results show that to obtain an accurate description of the electron swarm we need to take into account the variation in space of the electron density in the representation of the evdf. In what regards the angular dependence on velocity we discuss criteria to estimate the importance of the anisotropy of the evdf for any gas. Depending on the solution technique and on the E/N value, we find good to excellent agreement between the Boltzmann results obtained with a half-range method, a multi-term Legendre expansion, an elliptic approximation and the Monte Carlo results. The accuracy of the transport and rate coefficients obtained with each approach is evaluated and it is found that although the two-term velocity expansion is not sufficiently accurate to be used for cross section fitting, the corresponding rate and transport coefficients can generally be used in discharge modelling.
Introduction
The search for an accurate description of the electron kinetics in weakly ionized plasma through the solution of the electron Boltzmann equation continues to receive attention in the lowtemperature plasma literature, and several new representations of the distribution function or numerical techniques have recently been proposed [1] [2] [3] [4] [5] [6] . These techniques aim to overcome the shortcomings of the classical approximations used in solving the electron Boltzmann equation, such as the assumption of a spatially homogeneous distribution, the neglect of non-conservative processes or the representation of the angular dependence of the distribution function on velocity by a two-term spherical harmonic expansion [7, 8] .
Although all of the above approximations are valid in a limited range of conditions, they are not verified in many practical cases:
• when the cross sections for inelastic processes become comparable with those for elastic processes the magnitude of the anisotropic components of the spherical harmonic expansion grows relatively to the isotropic component and the two-term approximation is no longer sufficient. The former condition can occur in molecular gases [9] [10] [11] and at moderate to high electric field values [12, 13] ; • in electronegative gases or at sufficiently high reduced electric field (E/N) the appearance or disappearance of electrons due to ionization or attachment modifies the electron energy distribution in selected energy ranges and must be taken into account. These non-conservative processes also give rise to a concentration gradient; • even in the positive column region where the electron concentration along the field direction is constant, a concentration gradient exists perpendicularly to the field due to diffusion and the space charge field; • the two-term and spatial homogeneity approximations are also incapable of predicting the values of transport coefficients with the same precision as that achieved in electron swarm experiments, and the anisotropic character of the diffusion coefficient [14] . However, the significance of the errors introduced by each approximation depends on the transport or rate coefficient studied as they are sensitive to different areas of the distribution function, as will be shown below.
In order to study the merits and limits of applicability of two of these new representations or techniques for solving the electron Boltzmann equation-a multi-term Legendre expansion [2] (hereafter referred to as I) and the elliptic representation [5] (referred to as II)-we have made a comparison with two established Boltzmann techniques-a classical two-term expansion (III) [15] [16] [17] and a half-range method applied to the density gradients representation [11, 18] (IV)-and a Monte Carlo simulation (V) at the same discharge conditions.
Technique I was used to evaluate the distribution function in different approximation orders of the angular expansion, where results for the two-term and eight-term approximation are shown here. The corresponding results will be referenced, respectively, by I(2) and I (8) . The Monte Carlo method is used as a reference technique to provide an independent check for the techniques solving the Boltzmann equation.
The conditions modelled are those of an electron swarm drifting in neon under the influence of a constant electric field, taking into account the growth of the number of electrons by ionization, but assuming all inelastic collision processes to be isotropic for simplicity.
A distinction has to be made between how the distribution function is represented by each technique regarding the space and angular dependences and the numerical method used to solve the corresponding equations.
The techniques studied differ both in the initial physical assumptions, leading to a given representation of the electron velocity distribution function (evdf), as well as in the numerical algorithm used. This study allows us to make three different comparisons:
(i) to study the influence of the initial physical assumptions; (ii) the influence of the numerical algorithms used; (iii) the numerical correctness of each code.
We believe that such comparisons are important to evaluate the accuracy of each representation and to what extent a given result can be attributed to physical reasons or whether it is an artefact of the different numerical methods and, finally, to validate the codes.
The details of the physical conditions studied and the assumptions of the different techniques are discussed in sections 2-4; the numerical methods used are briefly discussed in section 5; the results of the calculations are presented in section 6 and the conclusions are given in section 7.
Transport equations
In time-of-flight swarm experiments an electron pulse is emitted in a short time period and drifts in space under a constant electric field.
The behaviour of the electrons in such discharges can be described by the electron Boltzmann equation,
for the evdf, f ( r, v, t), where r, v and t are the position, velocity and time, respectively, a = −(e/m) E denotes the acceleration produced by the external field and C(f ) is the linear collision operator. After a sufficient time we can assume that the electrons are moving in the hydrodynamic regime, meaning that although the electron density grows exponentially, the distribution in velocity space and the transport parameters have reached equilibrium values, independent of their initial values. Under these conditions, the time derivative term in equation (1) can be replaced by a rate term,
where is the macroscopic effective ionization frequency. The starting point of each of the four techniques I-IV used is the adoption of a representation for the evdf. Techniques I-III consider a spatially homogeneous electron swarm density, where the evdf has the reduced dependence f ( v, t) and can be expressed by the product
However, non-conservative processes not only change the electron density inside the swarm but also the velocity distribution of the swarm electrons from point to point.
To represent this complex structure of the swarm technique IV takes into account the space gradients for the electron density representing the evdf as a series of powers on these gradients,
where [0] is not the same as the function F on equation (3), the mathematical expressions for these functions are the same and, from now on, we will refer to both functions as F [0] . The theory of the hydrodynamic regime is well established [18, 19] and only a brief outline necessary for the discussion will be given here.
Inserting (4) into Boltzmann's equation (1), multiplying by r k /k!, integrating with respect to r, and taking the hydrodynamic limit (2), we obtain a hierarchy of kinetic equations describing the electron swarm:
where for clarity we have dropped the v dependence of F [j ] . [k] are transport coefficients that can be expressed in terms of the functions F [j ] as
where
is the net ionization frequency. The first three of these transport coefficients are the macroscopic effective ionization frequency, , the swarm drift velocity, W , and the diffusion tensor,D. The swarm parameters measured in time-resolved experiments [20] with E along the z-axis can be written as
where D L and D T are the longitudinal and transverse components of the diffusion tensor,
is the total collision frequency, and the indices z and T, respectively, indicate the longitudinal and transverse components of the velocity v or of functions F [j ] . The last two equations were obtained using equation (6) for F [1] on (7). The drift velocity W is the centre of mass velocity for the electron swarm and, if non-conservative reactions are included, is different from the mean velocity, v , given by the first term on the right-hand side. It has been shown [21] that W is the drift velocity that should be used in the electron diffusion equation.
The first two terms on the right-hand side of the expressions for the diffusion coefficient in (8) are, respectively, related to the thermal part of the diffusion coefficient and the drift energy of the electrons in the swarm [22] .
As techniques I-III consider a spatially homogeneous swarm, representing the evdf as (3), they only need to solve equation (5) or its equivalent time-dependent version. They differ mainly in the handling of the angular dependence of the distribution function and by the numerical algorithm used. The differences between these techniques in the representation of the angular dependence of the evdf will be analysed in the next section. Details about the techniques can be found in [2, 5] and [15] , respectively.
Technique IV solves both equations (5) and (6) while the Monte Carlo method is used to obtain the electron distribution averaged in space, which is proportional to F [0] . The transport coefficients obtained by each technique are different and a word of caution is needed before comparing them.
If in equation (8), the higher order functions, i.e. F [k] with k 1, are neglected, the drift velocity becomes equal to the mean velocity and the transverse component of the diffusion becomes equal to the classical diffusion coefficient,
6 However, only in the limit of a vanishingly small electric field does the longitudinal component of the diffusion tensor become equal to the classical expression. Thus, applying techniques I-III the set of parameters { , v , D}, is obtained, while technique IV determines the parameters
Finally, although techniques I-III have been used only to obtain F [0] by solving (5), the numerical methods used can, in principle, be applied to solve the remaining equations of the hierarchy (6).
Angular dependence of the distribution function
Techniques I and III rely on the expansion of the velocity dependence of F [0] ( v) in Legendre polynomials P n (cos θ) according to [8] 
with cos θ = v z /v, and solve the resultant hierarchy of differential equations for the expansion coefficients
n (v) up to a given order.
Further, these two techniques solve equation (5) in terms of the kinetic energy ε, using the functions f
as an ellipsoid expressed as
where γ and b are functions of particle speed v. Vector γ points in the direction of anisotropy in velocity space and its magnitude is equal to the ellipsoid eccentricity. This representation is equivalent to a three-term spherical harmonic expansion
2 is chosen to close the hierarchy in terms of F [0] 0 and F [0] 1 with the symmetric tensor given bŷ
andγ andÎ are, respectively, a unit vector in the direction of γ and the unitary matrix.
Technique IV obtains the functions (5) and (6) directly, using a finite elements algorithm, the S N method, on a (v, θ) grid. However, to allow a comparison with the results of techniques I-III the expansion coefficients F [0] n (v) are calculated from the function F [0] (v) using the relation
Truncation of the series expansion for the distribution function
As methods I-III rely on a truncation of the series expansion in Legendre polynomials (I, III) or spherical harmonics (II), it is important to define criteria for the truncation and to analyse the errors resulting from this truncation. Although this problem is beyond the scope of this work, it is possible to estimate the relative importance of the anisotropic coefficients, just from an analysis of the gas properties. In the appendix, it is shown that using the functions f [0] n (ε), assuming that all inelastic collision cross sections are isotropic and for n > 0, the ratio between successive expansion coefficients can be written as
where, for convenience, we have dropped the superscript index [0] . The function η(ε) depends on the ratio between the electric field and the collision frequencies, g n−1 (ε) depends on f n−1 , and the ratio h n+1 /f n−1 is a correction that becomes gradually smaller with increasing n. If this expression is used to test the truncation error of order n + 1, i.e. assuming f k = 0, k > n, h n+1 is zero. Thus, if we neglect the h term, and for n > 0, this ratio is equal to the product of two functions η(ε) and g n−1 (ε) given by the expressions
and
where σ T (ε) is the total collision cross section. The function η(ε) is approximately the inverse of the ratio ρ(v) used by other The ratio between the total inelastic and the momentum transfer cross sections is also indicated:
authors [23, 24] to compare the field acceleration of an electron and its mean deceleration by collisions. When η(ε) > 1 the electrons experience an average net acceleration. η(ε) depends on the isotropic component of the distribution function through the macroscopic effective ionization frequency, . However, this dependence is only noticeable at low energy for neon, as can be seen in figure 1 . The contribution of this term to the f n /f n−1 ratio decreases from low to high energy and increases linearly with E/N.
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Another important curve for this discussion is the ratio between the total inelastic and the momentum transfer cross sections, also represented in figure 1 , as it is an indication of the energy range and the extent of the depletion of the evdf due to inelastic collisions. It was found under stationary conditions ( [25] and references therein) that a large anisotropy in the evdf arises when this ratio is larger than or comparable to 1 over large parts of the relevant energy regions. In particular, below the onset of inelastic processes the function g 0 will have a very small value, counteracting the effect of higher values of η at low energy. Thus, the value of the function η at the threshold for inelastic processes is an 'a priori' indication of the importance of the anisotropic coefficients.
A more detailed analysis requires the computation of g 0 and will be postponed to section 6. However, it is worth noting that as g n−1 depends on the logarithm of f n−1 , it will not be very sensitive to the accuracy in f n−1 .
Numerical methods
To simplify the analysis, all inelastic collision cross sections are considered to be isotropic. The creation of new electrons due to ionization is taken into account and the differential cross section for the production of scattered and secondary electrons is approximated by a Dirac δ-function. The percentage of sharing between the two electrons of the remaining kinetic energy after the ionization is assumed to be 1 2 . 7 Note that in figure 1 a change in E/N (in units of 10 −16 V cm 2 ) corresponds to shifting the curve up or down the y-axis by the same factor. The presence of the transport coefficients in the righthand side of equations (5) and (6) implies that these equations must be solved iteratively until a given convergence criteria is fulfilled. Three different convergence criteria are used: the relative difference of distribution function values in successive iterations (I and V); a check on particle (I), momentum (I) and power balance equations (I and III); and a test on the convergence of the transport and rate coefficients (IV). However, in spite of these different convergence criteria, all the results are obtained with high numerical accuracy consistent with the technique used.
Technique I solves the system of differential equations obtained from the Legendre expansion directly, as a boundaryvalue problem in the energy range 0 ε ε ∞ , where ε ∞ is an appropriate upper energy limit [2] .
The equations of technique II lend themselves to solution by time dependent methods familiar from the study of reactive flow. Time evolution obviates the need for iteratively determining the transport coefficients, and also yields temporal information. A finite difference algorithm, based on the flux corrected transport method of Boris and Book [28] , is used to obtain the results from this technique.
Technique III uses a modified version of a standard algorithm [26] adapted to non-conservative conditions [16] .
Technique IV uses the S N method, a special case of discrete ordinate methods, adapted to electron transport [11] .
Finally, in method V the standard numerical techniques for particle simulation are applied. Table 1 summarizes the characteristics of each technique.
Results
The results presented here are obtained for a pure neon discharge using the electron collision cross sections indicated in [27] . The reduced electric field was varied in the interval 10 Td E/N 500 Td. The Boltzmann codes took from a few seconds to minutes to run depending on the technique. In contrast, the particle simulation requires extensive computation. Nevertheless, such calculations are nowadays feasible with high accuracy with present commodity computers. The results presented here are obtained from simulations that typically include 10 9 collisions for any given set of discharge conditions.
Distribution function
All techniques calculate the isotropic component f [0] 0 (ε) of the evdf. Moreover, higher order expansion coefficients, f [0] n , are also evaluated by techniques I-IV, respectively, up to n = 1 to 7, 2, 1 and 5. In the following, only the results for the isotropic component and for the anisotropy of F [0] are reported. In the range of E/N values studied the relative differences show a consistent behaviour and the following conclusions can be drawn:
• In the body of the distribution the relative differences among the techniques are small, although they increase with increasing E/N values; • even if the relative differences in the distribution function are small, the absolute differences can be important for the evaluation of the rate coefficients if they occur above the threshold of the corresponding cross section; • in the tail of the distribution-essentially below values of the order of 10 −4 -the relative differences increase with increasing energy and take high values for the two-term representations. • the results of techniques I(8), II, IV and V always show very good agreement (the fluctuations observed in the results of technique V are expected, and due to low statistics at the highest energy values) and there is no indication of the best technique; • the agreement between the numerical results based on a two-term representation-techniques I(2) and III-is also very good except for the divergence of the results at high energy, especially at 500 Td. This is probably due to numerical errors of technique III at the highest energy values; • at high E/N values the results of technique II are a little bit higher than the remaining high precision results. This is probably caused by the fact that the elliptical representation is designed to be asymptotically correct at both extremely low and extremely high anisotropy, while the highest values of E/N considered correspond to intermediate anisotropy [5] .
Anisotropy of the distribution function.
The functions g n−1 , defined in equation (13), can give indications about the importance of the expansion coefficient of order n. Figure 4 represents the functions g 0 and g 1 in neon for two values of E/N (100 and 500 Td) together with the ratio between the total inelastic and the momentum transfer cross sections. As expected from the discussion in section 4, up to the excitation threshold, the magnitude of g 0 is small. However, close to the excitation threshold, g 0 starts to decrease. This decrease is more pronounced at lower E/N-at 100 Td g 0 has decreased to around −2, compared to a value of around −0.5 at 500 Tdindicating that in the first case the evdf decreases faster with ε and, consequently, the anisotropy will become pronounced only for comparatively lower values of the evdf. The analysis of figures 3 and 6 confirm this finding and those results are consistent with the behaviour of the ratio between the total inelastic and the momentum transfer cross sections. Finally, an inspection of figures 1 and 4 gives a quick estimate of the ratios f 1 /f 0 and f 2 /f 1 at a given E/N value. It is interesting to look at the ratio f 1 /f 0 obtained both by for n = 1, 2 in neon and the ratio between the total inelastic and the momentum transfer cross sections:
the high precision methods and the two-term approximation. Figure 5 shows this ratio for (a) 50 Td and (b) 500 Td, respectively. Up to a given energy corresponding to a ratio of about 0.7, the results obtained from the two-term approximation are generally close to the higher order results. Compared with the results (a) and (b) of figure 3 we observe that this corresponds to the range where the isotropic component calculated by the two-term methods is close to the high precision results. Thus, this ratio and the above range can also be used as a rough estimate of the validity of the two-term approximation.
Anisotropic components, f [0]
n n > 0. To further study the agreement between techniques I(8) and IV the expansion coefficients up to n = 5 are obtained from the results of technique IV for F [0] , using equation (10) . Figure 6 shows the expansion coefficients obtained by technique I(8) (lines) and IV (points) at 500 Td. Again, the agreement is very good. However, for n 4 some differences can be seen. Increasing in technique IV the number of discretization points on θ causes these differences to decrease. This seems to indicate that technique I is more appropriate for the representation of the expansion coefficients. It is noted that this refinement of the θ grid does not result in observable changes in the transport and rate coefficients.
Transport and rate coefficients
The drift and mean velocity, diffusion coefficient, mean energy and ionization rate coefficient are also determined by some of the techniques tested in order to evaluate the importance for Table 2 . Swarm parameters and typical measurement errors [27] .
Typical Swarm parameter
Symbol error (%)
the transport and rate coefficient of the differences observed in the distribution functions and giving an indication of the importance of the higher order functions F [k] , k > 0. The importance of the errors on the evaluation of transport and rate coefficients depends on the type of applicationdischarge modelling results are very sensitive to the ionization coefficient but much less dependent on the accuracy of the drift velocity or diffusion coefficient, while the fitting of cross sections from swarm parameters requires very small errors in drift velocity and ionization coefficient as these can be measured with high precision. As guiding values, the errors of swarm parameters found in the best measurements are indicated in table 2.
Drift and average velocities.
When the production of new electrons is taken into account, the drift velocity is significantly higher than the mean velocity as can be seen in figure 7 . 9 Under these conditions, neglecting the contribution of F [1] to the drift velocity introduces a significant error, much more important than that resulting from a less accurate handling of the angular dependence on velocity of the distribution function.
In discharge modelling using fluid techniques, the local field approximation is frequently used. In this case, the fluid equations can use tables of macroscopic coefficients as a function of the reduced field, previously prepared by solving the electron Boltzmann equation. In some cases, the energy conservation equation is also taken into account and the macroscopic coefficients are represented as a function of the average energy. As the latter also depends on the distribution function it is useful to analyse the influence of these representations on the relative errors as can be seen in figures 8(a) and (b).
As seen in figure 8 , the differences in mean velocity are all below the experimental error indicated in table 2 for the drift velocity. When the average energy is taken as an independent variable, the errors are significantly smaller. This happens because both mean velocity and average energy are determined by the body of the distribution function leading to a certain cancelling out of the errors. Figure 9 shows the values for the transverse and longitudinal components. As in the previous case, the main differences come from neglecting the contributions of the higher order functions F [k] , k 1 and not from the representation of the angular dependence on velocity. Figures 10(a) and (b) show the errors in the ionization coefficient as a function of E/N and the average energy, respectively. As in previous cases, the errors in the ionization coefficient as a function of E/N are within the experimental errors. The inversion observed around 200 Td for the error in the two-term expansion techniques I(2) and III can be traced to the appearance of the 'bump' in figure 3(b) in the body of the isotropic distribution.
Diffusion tensor.

Ionization coefficient.
However, when the ionization coefficient is plotted as a function of the average energy the errors increase since the ionization coefficient is sensitive to the behaviour on the tail of the evdf.
Conclusions
We have analysed several representations of the evdf for the description of electron swarm transport in pure neon with E/N up to 500 Td. Each representation offers a particular level or refinement of angular and/or spatial dependence. The results have been cross-checked with those obtained by direct kinetic particle simulation. The analysis has allowed us to test, quantitatively, not only the implementations, but also the validity of the underlying assumptions of each representation.
As soon as non-conservative processes become important, attention to the internal structure of the electron swarm is essential to obtain accurate transport coefficients. The differences in transport coefficients, resulting from different representations of the angular dependence of the electron velocity, were much smaller than those resulting from the assumptions on the space dependence.
In what regards the angular dependence of the evdf, as expected, the classical two-term expansion is only able to accurately represent the evdf at the lowest E/N values used in this study. However, it was found that accounting for the modification of the number of electrons enables the extension of this range to higher E/N values. Under all conditions, the converged multi-term results obtained with a eight-term approximation, I(8), show an excellent agreement with the results of the density gradient technique IV. The former, when using only two terms, also gives the same results as the classical algorithm to solve the two-term approximation.
For all E/N values, the agreement between the multiterm, the density gradient techniques and, to a lesser extent, the elliptical representation, with the Monte Carlo results is very good.
Our studies on the influence of the several assumptions used in the calculations suggest that when correctly applied, the numerical algorithms had a small influence on the final results and the main differences observed should be attributed to differences in the assumptions and less to the numerical techniques themselves.
We have further discussed the use of two functions (12) and (13) , to estimate the relative importance of the anisotropic coefficients just from an analysis of the gas properties, in the case of function (12), or from the isotropic component.
The differences in swarm parameters obtained from the two-term approximation in comparison with the more accurate techniques are sufficiently small to allow the use of these results in discharge modelling. However, as stressed above, the correct values of drift velocity and diffusion coefficient can only be obtained by accounting for the space dependence of the electron swarm.
For fitting of cross sections with the more accurate techniques an account of the density gradients is required.
Finally, it is worth mentioning that this comparison work has allowed us to detect several small errors or inconsistencies in the original codes that would have gone unnoticed otherwise.
